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Individual Assessment 4: Randomized Data Structures

This is an individual assessment, and, as the name suggests, must be completed individually. Specifi-
cally, you’re not allowed to work with a partner, and you should not discuss these problems with
other students in CS166. However, the course staff are happy to answer clarifying questions on Ed-
Stem (if you do, please post the question privately) or in our office hours.

Due Tuesday, May 11th at 2:30PM Pacific time
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Problem One: Cuckoo Hashing
Here are two details about the implementation of vanilla cuckoo hashing (two hash functions, one item
per slot) that might seem challenging to handle in practice:

1. We need two hash functions h₁(x) and h₂(x) such that h₁(x) ≠ h₂(x) for any key x. It seems like it
would be hard to get hash functions with these properties.

2. When displacing a key x from its home, we need to move it to either position h₁(x) or h₂(x) de-
pending on which of the two positions it was previously in. This seems like it requires us to com-
pute h₁(x) and h₂(x) when doing the displacement, though one of those calculations isn’t needed.

Turns out, there’s a really nice way to address both concerns.

Let’s begin by assuming that we have a table with m elements, where m is a perfect power of two. We’ll
assume we have access to two families of 2-independent hash functions: ℋm, which maps from the uni-
verse of keys to the set {0, 1, 2, …, m – 1}, and ℋm-1, which maps from the universe of keys to the set
{1, 2, 3, …, m – 1}. We’ll then sample a hash function h₁ from ℋm and a second hash function hΔ from
ℋm-1. We’ll then define our second hash function h₂ to be

h₂(x) = h₁(x) ⊕ hΔ(x),

where ⊕ denotes the bitwise XOR operation.

i. Prove that h₁(x) ≠ h₂(x) for any key x.

This choice of hash function makes it easy to displace an element from its current position to the position
given by its other hash. Assuming we displace key x from position i in the table, we simply move key x to
position i ⊕ hΔ(x).

ii. Prove that this procedure always moves key x from h₁(x) to h₂(x) or vice-versa.

Now, let ℋcuckoo denote the family of pairs of hash functions (h₁, h₂) produced this way. This is a family
of hash functions over the set E = {(i, j) | i, j ∈ [m] and i ≠ j}.

iii. Prove that ℋcuckoo is 2-independent.

Problem Two: Final Details on Count Sketches
In our analysis of count sketches from lecture, we made the following simplification when determining the
variance of our estimate:

Var [∑
j≠i

a j s (x i) s( x j) X j ] = ∑
j≠i

Var[ a j s (x i )s (x j) X j]

In general, the variance of a sum of random variables is not the same as the sum of their variances. That
only works in the case where all those random variables are pairwise uncorrelated, as you saw on Prob-
lem Set Zero.

Prove that for any j ≠ k that aⱼ s(xᵢ) s(xⱼ) Xⱼ and ak s(xᵢ) s(xk) Xk are pairwise uncorrelated random vari-
ables, under the assumption that both s and h are drawn uniformly and independently from separate 2-in-
dependent families of hash functions. Remember that aj and ak are not random variables. Two random
variables X and Y are uncorrelated if E[XY] = E[X]E[Y].


